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Wepresent an analyticalmodel, derived using the principle of virtual work, for closed and open thin-walled beams

subjected to torsion. Nonclassical effects like primary and secondary torsional warping are taken into account. A

closed-form expression formode II stress-intensity factor for thin-walled beamswith a longitudinal crack is derived.

We start by finding analytical solutions based on Vlasov’s torsional beam theory for thin-walled beams with any

cross sections. We then use the calculated stress of a rectangular thin-walled beam to determine an analytical

expression for mode II stress-intensity factor. Finally, we add a correction factor to account for complex behavior of

long cracks. Examples are presented to illustrate the effectiveness of the current model, and it is validated by

comparison with detailed finite element results obtained using ABAQUS.

I. Introduction

T HIN-WALLED structures are widely used in practical applica-
tions in structural engineering such as marine, automobile,

aerospace, nuclear power plant, and civil engineering. The presence
of cracks and other flaws in such structures is a quite common
situation. Thin-walled sections are composed of very slender plates
with the presence of cracks and have complex modes of failure and
deformation. The stresses and failure modes in thin-walled sections
can be quite difficult to predict (Papangelis and Hancock [1]).
Therefore, the understanding of the behavior of thin-walled struc-
tures under different loadings is a very important problem. For
example, in ship structures, complicated torsional loading on the hull
of modern containership determines the structural design of the ship
hull. Also, in aerospace engineering, wings are among the most
critical structural units of an airplane and their load-bearing capa-
bility determines, to a great extent, the aircraft’s safety in flight.
Multi-axial dynamic loadings acting on an airplane during a flight
may lead to the onset and growth of fatigue cracks in wings and other
structures.

The present paper deals with thin-walled beams; specifically, we
consider a beamlike wing box under torsion, for which the thin-
walled cross sections warp when torsional loads act on it. The wing
box is initially assumed to have a rectangular, closed cross section. A
discrete source damage, modeled as a crack along the span of the
beam, makes thewing an open section beam locally. The study of the
behavior of cracked beams was carried out by many authors during
the last two decades. Kapania and Castel [2] proposed a model
using one-dimensional finite elements for aeroelastic analysis of
undamaged and damaged wings. The formulation takes into account
the effect of transverse shear and the bending-stretching couplings.
The modal analysis of cracked beams has been performed by many
others (Dimarogonas [3], Ruotolo andSurace [4], Chondros et al. [5],
Song et al. [6], Wang et al. [7], and Wang and Inman [8]), but all of

these authors worked on solid beams with transverse cracks, and
most of the cases are related to cracked beams under bending loads
alone.

The existence of cracks or defects in thin-walled structures is
inevitable and can cause unexpected failure. One of the most
important parameters in fracture mechanics is the stress-intensity
factor (SIF), which represents intensification of the stress field in the
vicinity of the crack tip. Therefore, an estimate of the stress-intensity
factors is an interesting and important problem and has attracted
much attention. Analytical or experimental expressions for SIFs
were derived by many researchers for simple crack configurations
and have been reported in literature (Sih [9]). Newman and Raju
[10,11] published a series of papers on empirical equations of SIFs,
whichwere obtained byfitting equations tofinite element results. For
cylindrical shells, Folias [12] derived a closed-form expression for
the mode I stress-intensity factor of a longitudinal crack in a pres-
surized cylindrical shell using a correction factor called the Folias
correction (Janssen et al. [13]). Stress-intensity factors of cylindrical
shells under bending and tension were also studied by Sanders
[14,15].

For cracked-beam problems, Herrmann and Sosa [16] used an
elementary beam theory to estimate the strain energy rate as the crack
iswidened into a fracture band. The strain energy rate is used to study
cylindrical bars with cracks in the presence of tension. Bazant [17]
improved Herrmann and Sosa’s [16] work by suggesting an addi-
tional correction factor obtained by matching with an analytical
solution. The theory of Herrmann and Sosa was also used for some
simple crack configurations (Gao and Herrmann [18] and Muller
et al. [19]), inwhich they improved the approximation by a correction
factor that can be obtained by matching with asymptotic solutions.
The methods of Bazant [17], Herrmann and Sosa [16], Gao and
Herrmann [18], and Muller et al. [19] are not feasible when the
geometry or loadings are complicated and asymptotic solutions do
not exist, as is the case in our problem. Based on Herrmann and
Sosa’s [16] work, Dunn et al. [20] derived a closed-form expression
for the stress-intensity factors for a cracked I-beam subjected to a
bendingmoment using a correction factor thatwas obtained byfitting
data obtained using detailed finite element solutions. Xie et al.
[21,22] usedHerrmann and Sosa’s [16] theory to propose the concept
of the crack-mouth-widening energy-release rateG� to estimate SIFs
of some crack configurations such as cracked solid beams under
bending and cracked cylinder under torsion or bending.However, the
expressions derived by their approach (Xie et al. [21,22]) for SIFs
look rather complex and are not convenient for use in design. All of
the authors mentioned above worked on beams with a transverse
crack, andmost of them estimated stress-intensity factors for cracked
solid beam with rectangular cross sections. Recently, Xie et al. [23]
derived analytical solutions using the crack-mouth-widening
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energy-release rate G� for SIFs of cracked thin-walled tubes with
rectangular cross sections under tension and bending, andwith trans-
verse cracks of elliptical or square shapes. Numerical methods (e.g.,
thin-shell finite element models) are widely used for analysis and
computation of thin-walled structures (Yang et al. [24]), but the
computational cost of the analysis is expensive. This is especially
true for modeling of cracked thin-walled structures. To get the
accurate stress-intensity factors or to predict crack path by numerical
methods, one has to calculate the crack tip stress/strain field accu-
rately. The essential requirements for the numerical methods are to
resolve the stressfield around the crack tip and to track the crack path.
These requirements will challenge traditional finite element methods
and the results greatly depend on a user’s experience.

In this paper, we develop an analytical model for thin-walled
rectangular beams under torsion inwhich the nonclassical effects like
primary and secondary torsional warping are taken into account. The
governing equations and associated boundary conditions are derived
using the principle of virtual work. The stress, displacement fields,
and twist angles are computed for closed thin-walled beams and for
open thin-walled beams. We derive a closed-form expression of the
mode II stress-intensity factors for the thin-walled beams under
torsion with a small crack along the beam span. An additional
correction factor in the form of a simple expression is obtained based
on a calibration using shell finite element calculations for a long
crack, and this formula can be used to rapidly obtain the mode II
stress-intensity factor.

The paper is organized as follows. In Sec. II, an analytical model is
presented, in which analytical solutions for closed and open beams
with rectangular cross sections subjected to pure torsion are given.
Closed-form expressions for the mode II stress-intensity factor for
thin-walled beams with a longitudinal crack are derived for the first
time. Numerical examples and validations are presented in Sec. III.
Summary and conclusions are summarized in Sec. IV.

II. Analytical Model

Consider a thin-walled structure: for example, a beam with a with
uniform rectangular cross section, as shown in Fig. 1. Let t be its wall
thickness. In general, t can be varying along the midline of the cross-
sectional contour t� t�s� (see Fig. 2); b and h are dimensions of the
cross section (b is thewidth of the beam, h is the height of the beam);
and L is the length of the beam. Let tmax denote the maximum wall
thickness. According to Librescu and Song [25], a structure is
defined as a thin-walled structure if

tmax

min�b; h� � 0:1
max�b; h�

L
� 0:1 (1)

A thin-walled section is said to be closed/open when the locus of
points defining the centerline of the wall forms a closed/open
contour. Figure 1 illustrates an example for a closed section.

A. Analytical Solutions for Thin-Walled Beams with Arbitrary Cross

Section Under Torsion

We consider a thin-walled beam under pure torsion T at its tip and
the distributed-applied twist moment along the beam span mx. The
beam has arbitrary cross section with longitudinal axis x and

principal axes y and zwith originO. The pointP is the center of twist
of the cross section, and the point C is the origin of the contour
coordinate. At any point A on the middle surface of the thin-walled
section, we define a local coordinate system �x; s; n� with unit
vectors i, j, and k, respectively (see Fig. 2).

We have the following vectors:

PA� q� r� qj� rk
PM� PA�AM� qj� �r� n�k

(2)

where r is the perpendicular distance from the shear center to the
tangent to the centerline of the cross section, and q is the perpen-
dicular distance from the shear center to the normal to the centerline.

The classical Saint-Venant torsion theory (Todhunter and Pearson
[26]), which is the basis for present-day analysis of rods under
torsion, proved that under torsion, a transverse noncircular planar
section does not remain plane. The original plane cross-sectional
surface becomes a warped surface. In Saint-Venant torsion theory,
the cross section is assumed towarp freely out of its plane and the rate
of twist of the cross section �0�x� is assumed to be constant. This
leads to some errors in the case of nonuniform torsion, where the rate
of twist �0�x� varies along the length of the beam. The warping axial
displacement in Vlasov’s general torsion theory (Gjelsvik [27] and
Murray [28]) is defined as

u� �0�x� �s; n� (3)

where  �s; n� is the warping function, and �0�x� is the derivative of
��x� with respect to x. This equation is valid for both the open and
closed section tubes provided that  �s; n� is correctly computed for
open and closed sections.

We consider the displacement field at a point M�x; s; n� in the
cross section:

uM�x; s; n� � ��x�i � PM� �0�x� �s; n�i (4)

where � is the cross product of two vectors i and PM. If u, ~v, and ~w
are the components of uM in the x, s, and n directions, we obtain the
following displacement field from Eq. (4):
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Fig. 1 An example of the thin-walled beam configuration and coordinates.
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Fig. 2 Coordinates for an open cross section.
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u�x; s; n� � �0�x� �s; n�
~v�x; s; n� � �	r�s� � n
��x�

~w�x; s; n� � q�s���x� (5)

The strain field for the cross-sectional beam is computed from
Eq. (5) as

"xx � �00�x� �s; n�

�xs � �0�x�
�
@ �s; n�
@s

� �r� n�
�

�xn � �0�x�
�
@ �s; n�
@n

� q
�

(6)

The stress field is obtained from the stress/strain relation as

�xx � E � �00�x� �  �s; n�

�xs �G � �0�x� �
�
@ �s; n�
@s

� �r� n�
�

�xn �G � �0�x� �
�
@ �s; n�
@n

� q
� (7)

where E is the elastic modulus and G is the shear modulus of the
material.

We can derive the governing equations and associated boundary
conditions from the principle of virtual work as

������ � �U� �V � 0 8 �� (8)

where �� is the kinematically admissible generalized virtual
displacement.

The variation of the strain energy is given as

�U�
Z
�

��" d��
Z
�

��xx�"xx � �xn��xn � �xs��xs� d� (9)

Substituting Eqs. (6) and (7) into Eq. (9), the variation of strain
energy becomes

�U���� �
Z
�

�
E 2�00��00 �G�0

��
@ 

@n
� q

�
2

�
�
@ 

@s
� �r� n�

�
2
�
��0
�
d� (10)

where � is the volume of the beam. Let us define

k1 �
Z
A

E �  2 dA

k2 �
Z
A

G �
��
@ 

@n
� q

�
2

�
�
@ 

@s
� �r� n�

�
2
�
dA

(11)

where A is the area of the beam cross section. Taking integrations
given in Eq. (10) by parts, we obtain

�U� k1�00��0jL0 � k1�000��jL0 � k2�0��jL0

�
Z
L

0

�k1�0000 � k2�00��� dx (12)

The variation of the potential of the applied loads (here, the pure
torsion) is stated as

�V���� � �
Z
L

0

mx�� dx � T��jL (13)

where mx is the distributed applied torque.

Substituting Eqs. (12) and (13) into Eq. (8), we finally obtain

��� k1�00��0jL0 � k1�000��jL0 � k2�0��jL0

�
Z
L

0

�k1�0000 � k2�00 �mx��� dx � T��jL � 0 8 �� (14)

The governing equation is derived as

k1�
0000 � k2�00 �mx � 0 (15)

The associated boundary conditions for the thin-walled beam under
pure torsion with one end clamped are derived as8>>>>><

>>>>>:

��k1�000 � k2�0 � T�jL � 0

�00jL � 0

�j0 � 0

�0j0 � 0

(16)

Assume that the beam is under a tip torque only: thus, mx � 0.
Solving the boundary-value-problem equations (15) and (16),we can
obtain the closed-form expression of the twist angle for the thin-
walled beams:

�� T

k2

�
tanh��L�

�
cosh��x� � sinh��x�

�
� x � tanh��L�

�

�
(17)

where

��
�����
k2
k1

s
(18)

The form of the exact solution in Eq. (17) is the same as the one in
Oden and Ripperger [29] and Fatmi [30] for rectangular thin-walled
beams; however, k1 and k2 are computed for any cross sections.

B. Warping Function

1. Warping Function for Rectangular Box Beams

The warping function for rectangular box beams (see Fig. 1) is
taken in the form (Smith and Chopra [31]) of

 �y; z� � �yz (19)

where � and � are given as

��� �1 � ���1� �� and ��
�
b

h

��
tv
th

��
Gv
Gh

�
(20)

where Gh and Gv are effective in-plane shear stiffness for each
horizontal and vertical wall, respectively.

For uniform wall thickness of the cross section and isotropic
material, we have

�� b � h
b� h (21)

where b is the width of the beam, and h is the depth of the beam.
For example, we consider a closed cross section of thin-walled

beam with b� 0:4, h� 0:2, and t� 0:01, the contour warping
function, for a rectangular cross section, as shown in Fig. 3. In the
case of the rectangular thin-walled beam with the uniform wall
thickness of the cross section, the shear center is identical to the
centroid of the cross section.

A generic procedure to determine the warping function for closed
cross sections of thin-walled beams is shown in the Appendix.

2. Warping Function for Cracked-Beam Cross Sections

At the cracked section, we consider its cross section as an open
cross section. When a thin-walled member is twisted, points on the
cross section move parallel to the longitudinal x axis. This phenom-
enon is called warping; the warping displacement u at a point in the
cross section in Vlasov’s beam theory (Gjelsvik [27] and Murray
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[28]) is defined in Eq. (3). The warping deformation is composed of
the warping of the contour and the warping of the thickness, and the
warping function is defined by

 �
Z
C�s�

r�s� ds � nq�s� (22)

The first term on the right-hand side of Eq. (22) is called the contour
warping function and the second is the thickness warping function.
This second term has little effect on the torsional properties of a thin
beam and, most frequently, is neglected when analyzing thin-walled
beams for most practical applications (Prokic [32]). For example, for
the heaviest commercially available I beams, the maximum thick-
ness contribution to the warping displacement is about 5% (Gjelsvik
[27]). In this study, we consider both terms in Eq. (22).

In Eq. (22), C�s� is the segment of the contour lying between the
origin and an arbitrary point, and r�s� is the perpendicular distance
from the shear center to the tangent to the centerline of the cross
section of an element ds located a distance s along the centerline of
the cross section; similarly, q�s� is the perpendicular distance from
the shear center to the normal to the centerline (see Fig. 2).

To determine the warping function, we follow the procedure
described by Murray [28]. A brief description of this procedure is
shown in the Appendix.

We consider a thin-walled beam with a crack located along the
span of the beam in the plane xoz.Wewill have an open cross section
at the cracked domain. The beam has dimensions b� 0:4, h� 0:2,
and t� 0:01, as shown in Fig. 4.

Following the procedure in the Appendix, the location of the shear
center of the cross section is x� 0 and y��0:24, and the warping
function is as shown in Fig. 5.

C. Closed-Form Expression of Stress Intensity Factors for

Longitudinally Cracked Thin-Walled Beams

We consider a cracked thin-walled beam, as shown in Fig. 6. The
beambefore damage has a uniform. rectangular, closed cross section.
We assume that an initial crack located at middle of the beam in the
xoz plane along the span of the beam with the crack length 2a. The
length of the beam is L, the width of the beam is b, and the height of
the beam is h. A torsional loading T is applied at the tip of the beam.

In the case of the rectangular thin-walled beam with the uniform
wall thickness of the cross section, the shear center is identical to the
centroid of the cross section, and the notations s andn are replaced by
z and y, respectively. For an isotropic rectangular thin-walled beam
under a tip torque, shear stresses at the top surface of the beam are
computed from Eqs. (7) and (19) as

�xy �G � �0 �
�
@ �y; z�
@y

� z
�

(23)

From Eq. (17) we have the derivative of the twist angle as

�0 � T

k2
	tanh��L� sinh��x� � cosh��x� � 1
 (24)

Taking into account Eqs. (19–21) and (24), we can rewrite Eq. (23) in
the form

�xy �G �
bh

�b� h� �
T

k2
� 	tanh��L� sinh��x� � cosh��x� � 1
 (25)

For an isotropic rectangular thin-walled beam, the stiffness
coefficient k2 from Eq. (11) can be computed as

0.0067

0.0067

0.0067
0.0067

0.0067

0.0067
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+
-

- +
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Fig. 3 Contour warping function for rectangular thin-walled beams.

Fig. 4 Coordinate system �xo�y, the pole P, the starting point O, and dimensions of the open cross section.
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k2 �G � J�
G � 2 � �b � h�2 � t
�b� h� G� E

2�1� 	� (26)

Finally, the shear stresses at the top surface of the beam is given by

�xy �
T

2 � b � h � t � 	tanh��L� sinh��x� � cosh��x� � 1
 (27)

According to Rice [33], for a two-dimensional mode II surface crack,
the stress-intensity factorKII due to internal stresses can be computed
using the Green’s function approach (Lawn [34]) as

KIIjL;R �
Z
a

�a
�xyGL;R�x; a� dx�

1������
�a
p

Z
a

�a
�xy

������������
a� x
a
 x

r
dx (28)

where G�x; a� is the Green’s function depending only on the geo-
metry of the crack component configuration, and the subscriptsL and
R stand for the left and right crack tip of the crack (see Fig. 7),
respectively. The shear stress �xy is almost constant along the domain
where the crack is inserted (see Fig. 8).We can rewrite Eq. (28) in the
form

KIIjL;R �
1������
�a
p

Z
a

0

�xy

� ������������
a � x
a� x

r
�

������������
a� x
a � x

r �
dx (29)

The mode II stress-intensity factor can be calculated as

KII �
2a������
�a
p

Z
a

0

�xy����������������
a2 � x2
p dx (30)

Moving the x-y-z coordinate system to the center of the crack, and
substituting Eq. (27) into Eq. (30), we obtain

KII �
1������
�a
p :

T � a
b � h � t :

Z
a

0

1����������������
a2 � x2
p

�
�
tanh��L� sinh

�
�

�
x� L

2

��
� cosh

�
�

�
x� L

2

��
� 1

�
dx

(31)

or

KII �
1������
�a
p :

T � a
b � h � t �

Z
a

0

1����������������
a2 � x2
p

�
�
�
cosh��L

2
� cosh��x� � sinh��x� sinh��L

2
�

cosh��L� � 1

�
dx (32)

Computation of the integrals in Eq. (32) will lead to the Bessel
functions of the first kind. To compute the integral in Eq. (32), we
need to compute the following integrals.

The first term in Eq. (32) can be written as

I1 �
Z
a

0

cosh��x�����������������
a2 � x2
p dx (33)

we use the following transformation (x� a sin�
�, 
 2 	0; ��=2�
,
and dx� a cos�
� d
) to simplify Eq. (33) as

I1 �
Z
�=2

0

cosh	�a sin�
�
 d
 (34)

We can express the function cosh�:� as a Taylor series, and then I1 can
be rewritten in the form

I1 �
Z
�=2

0

cosh	�a sin�
�
 d


�
Z
�=2

0

�X1
n�1

��a�2n
�2n�! � sin

2n�
� d
� 1

�
d
 (35)

We have Z
�=2

0

sin2n�
� d
� 1; 3; 5; . . . ; �2n � 1�
2; 4; 6; . . . ; 2n

:
�

2
(36)

x

2a

L

b

z

y

T

h

L/2

Crack tip of interest 

Fig. 6 Cracked-beam scheme under tip torque.

Fig. 7 Schematic model geometry.

Fig. 8 Variation of the twist angle along the beam span.
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After some algebraic operations, we finally obtain Eq. (33) in the
form

I1 �
X1
n�1

��a�2n
22n � �n!�2

�

2
� �

2
(37)

The second term in Eq. (32) can be written as

I2 �
Z
a

0

sinh��x�����������������
a2 � x2
p dx (38)

Similarly to the computation of the above integral, we can obtain

I2 �
X1
n�1

��a�2n�1
��2n� 1�!�2 � �a (39)

The third term in Eq. (32) can be easily computed, as shown above.
We use the transformation x� a sin�
�, 
 2 	0; ��=2�
, and

dx� a cos�
� d
; therefore,

I3 �
Z
a

0

1����������������
a2 � x2
p dx� �

2
(40)

Substituting Eqs. (38–40) into Eq. (32), we obtain Eq. (32) in the
form

KII �
T

2 � b � h � t
������
�a
p ��I1 � cosh��L2 � � I2 � sinh��L2 �

cosh��L� � 2
�
� 1

�
(41)

where

I1 �
X1
n�1

��a�2n
22n � �n!�2

�

2
� �

2
I2 �

X1
n�1

��a�2n�1
��2n� 1�!�2 � �a

Expression (41) can be used for small cracks and it is accurate within
2% in comparison with shell finite element models for crack lengths
�a=b� � 0:125 (or lcrack � 0:25b). This can be seen in numerical
examples in the next section. For small cracks, the beam behaves
almost as a closed rectangular thin-walled beam. For the rectangular
cross sections, k1 and k2 in Eq. (11) can be computed as

k1 �
t � �b � h�2 � �b � h�2

24 � �b� h� � E k2 �
2 � �b � h�2 � t
�b� h� � E

2�1� 	�
(42)

And therefore � in Eq. (18) can be written in the form

��
�����
k2
k1

s
� 2

jb � hj

������������
6

1� 	

r
(43)

An observation for thin-walled structures as defined in Eq. (1) has the
value of �L to be very large:

�L� 2

jb � hj

������������
6

1� 	

r
:L� 2

jb�hj
L

������������
6

1� 	

r
� 2

max�b;h�
L

������������
6

1� 	

r

� 20

������������
6

1� 	

r
� 20

����������������
6

1� 0:5

r
� 40 (44)

This leads to

tanh��L� � e
2�L � 1

e2�L � 1
’ 1 sinh��L� ’ cosh��L� (45)

It means that the first term in the bracket in Eqs. (31) and (32) is very
small and can be neglected. For example, b� 0:4, h� 0:2, and
L� 6; � is approximated equally as 21.24 and �L� 127:44. The
derivative of the twist angle of the beam is almost constant along the
crack length 2a. The term in the bracket of Eqs. (24) and (41) is
approximately 1 (see Fig. 8). Obviously, as b� h, �!1, the twist

angle in Eq. (17) is �� �T=k2�x, and when the beam becomes the
square cross-sectional thin-walled beams of constant thickness, with
no significant primary warping.

Therefore, the shear stresses along the cracked domain can be
approximated as �xy � T=�2 � b � h � t�. Expression (41) can be
approximated as

KII �
T

2 � b � h � t
������
�a
p

(46)

where

a

b
� 0:125 �or lcrack � 0:25b�

Figure 9 shows the plot of the analytical solution, as shown in
Eq. (41) and the simplified solution is shown in Eq. (46).

Since the beam has a long crack, the behavior of the beam at the
cracked domain is more complex (see Fig. 10). A very long crack
along the beam span can make the beam locally behave like an open
cross section at the cracked domain with two clamped edges at the
two crack tips; this will result in the deflection and rotation of the
crack edges due to the torsional loading (see Fig. 10). Therefore, k2,
k1, and � are not exact, as shown in Eqs. (42) and (43) respectively.
The twist angle varies along the beam span, and the first term in the
bracket of Eq. (41) is not negligible.

To take into account the complex behavior of the thin-walled
beams with a long crack along the beam span under the torsional
loading (which leads to the deflection and rotation of the crack
edges), we introduce a correction factor. The correction factor is
based on the previous work of Folias [12] for estimating the stress-
intensity factor of a longitudinal crack in a pressured cylindrical shell
(Folias [12] and Janssen et al. [13]) and the empirical equations of
Newman and Raju [10,11]. The correction factor for long cracks in
our problem is derived based on a calibration using shell finite
element calculations and is given as

Cf �
��������������������������������������������������
1� 2:52

a2

b2
� 1:2089

a4

b4

r
(47)

Our method is the same as the one that was used by Dunn [20].
Expression (46) for the mode II stress-intensity factor of thin-walled
beams with a longitudinal crack can be written in the form

KII �
T

2 � b � h � t �
������
�a
p

� Cf

� T

2 � b � h � t �
������
�a
p

�
��������������������������������������������������
1� 2:52

a2

b2
� 1:2089

a4

b4

r
(48)

Fig. 9 Comparison of analytical solution in Eq. (41) and simplified

solution in Eq. (46) for the thin-walled beam (h� 0:2, b� 0:4, t� 0:01,
and L� 6).
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This expression for the mode II stress-intensity factor is accurate
within 3% in comparison to the results obtained from finite element
models for any crack length �a=b� � 1 (or lcrack � 2b); we can see
the numerical validation in the next section. Note that as a=b! 0,
thenCf ! 1, and therefore Eq. (48) returns to Eq. (46). As the crack
length a=b � 0:125, the stress-intensity factor can be computed
using Eq. (46) or Eq. (48), as the differences in the two formulas are
very small.

In summary, the mode II stress-intensity factor for thin-walled
beams with a longitudinal crack under the torsional loading can be
computed as

KII �
T

������
�a
p

2 � b � h � t �
��������������������������������������������������
1� 2:52

a2

b2
� 1:2089

a4

b4

r
(49)

for any crack length with �a=b� � 1 (or lcrack � 2b.

III. Numerical Validation

A. Closed Cross Section of Thin-Walled Beams

We consider a closed cross section of thin-walled beam made of
aluminum Al 7050-T7451 and it is clamped at x� 0. The beam has
the following dimensions in a consistent set of units: length L� 6,
width b� 0:4, depth h� 0:2, wall thickness tv � th � 0:01, and
torsion at its tip T � 10; 000. The torsional loading is applied at the
tip of the beam using shell edge loads p� 62; 500, as shown in
Fig. 11.

The problem is modeled by shell finite elements using ABAQUS;
the results obtained from finite element (FE) model are compared
with the analytical solutions in Eqs. (5) and (17). The results of the
twist angle along the beam span from analytical solutions and shell
finite element model in Fig. 12 are in very good agreement, and the
difference between analytical solutions and shell FEmodels obtained

Fig. 10 Magnified view of the cracked domain of a cracked thin-walled beam with a long crack under a tip torque.

y

z

b

h

p

Fig. 11 Torsional loading applied T � 10; 000 at the beam’s tip by

using shell edge load p� 62500.

Fig. 12 Comparison of twist angle for closed-cross-section thin-walled

beams.

Fig. 13 Crack line description and shell finite element model for open-cross-section beams.
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is about 1.5%. Note that the axial displacement obtained along the
central line of the beam under the pure torsion is almost zero.

B. Open Cross Section of Thin-Walled Beams

Weconsider a cross section of thin-walled beamwith a crack along
the whole length of the beam span, and thus it is considered to be an
open-beam cross section (see Figs. 4 and 13). The beam is made of
aluminumAl 7050-T7451 and has the same dimensions as the above
closed-beam cross section in a consistent set of units. A tip torque
T � 10; 000 is applied, as shown in Fig. 11.

For a cracked cross section (see Fig. 4), the stiffness coefficients k1
and k2 are computed from Eq. (11) as

k1 �
E

24

�
tb2h2�10b2 � 34bh� 3h2�

3h� b

�

k2 �
E

12�1� 	� t
3�b� h�

(50)

Analytical solutions from Eqs. (5) and (17) are compared with those
obtained from the shell finite element model using ABAQUS.
Figures 14 and 15 show the comparison of twist angles and axial
displacements between analytical solution and shell finite element
model. The results are in very good agreement, and the maximum
difference obtained in the case is about 0.5%. We can see that the
axial displacement exhibits the warping deformation in Fig. 15, and
the slope of the axial displacement for both analytical and finite
element models are equal to zero at the tip of beam, whichmeans that

the second derivative of the twist angle at the tip of the beam is zero,
as presented in Eq. (16).

C. Mode II Stress-Intensity Factor of Cracked Thin-Walled Beams

We consider a thin-walled beam, as shown in Fig. 6. The beam
originally has a uniform rectangular closed cross section. An initial
crack along the span of the beam is introduced with the crack length
2a� 0:02. A tip torqueT � 1600 (p� 10; 000) is applied, as shown
in Fig. 11. We take examples of different beam sizes and different
values of thickness in a consistent set of units (see Fig. 16) to verify
the expression for mode II stress-intensity factor given in Eq. (49).

The cracked thin-walled beam ismodeled inABAQUS using shell
finite elements. To get the accurate stress-intensity factor, we need to
have very fine mesh at the crack tips. In our problem, we use a
rectangular box around the crack, the box has dimensions (2a�
0:04, 0.02),wherea is half of the crack length and themesh size in the
rectangular box is 0.0007.We set up 25 contours around the crack tip
to get the value of stress-intensity factors converged. We also have
other boxes around the rectangular box to ensure a smooth transition
between the zonewith very finemesh and the other zones outside this
box, where we use coarse mesh (see Fig. 17) to reduce the compu-
tational cost. The computational cost for solving fracture problems is
normally very expensive and depends very much on the users’
experience, and we need high-performance computers to model
these problems. In our case, the CPU time formodeling a thin-walled
beam with a longitudinal crack is 36 s on CPU Q 6850, 2.99 GHz,
3.25GBRAM, and thewall-clock time for building the cracked thin-
walled beam model is about 1.5 h.

Fig. 14 Comparison of twist angle along the beam span for open-cross-

section thin-walled beam.

Fig. 16 Cracked thin-walled beam with different sizes used for numerical validation.

Fig. 15 Comparison of axial displacement along the beam span at

y� 0:2 and z� 0:1.
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Figures 18–21 show the comparison of the normalized mode II
stress-intensity factor KII between the analytical expression in
Eq. (49) and that obtained from shell finite element model in
ABAQUS for the different beam sizes (see Fig. 17), where a is half of
the crack length, b is the width of the beam, h is the height of the
beam, t is the thickness of the beam, and

ko �
T

2 � h � b � t
������
�b
p

From Figs. 18–21, we realize that the mode II stress-intensity
factor, computed using Eq. (49), matches very well with that
obtained from the shell FEmodel. Themaximumdifference between
the shell FE model and the analytical solution obtained in this case is
2.5% for the beam size b� 0:4, h� 0:2, and t� 0:01 in Fig. 18.
Similarly, the difference between shell FE model and the analytical
solution obtained for the beam size b� 0:35, h� 0:35, and t�

0:015 is 1.5% in Fig. 19; it is 1.8% for the beam size b� 0:2,
h� 0:6, and t� 0:02 in Fig. 20; and it is 2% for the beam size
b� 0:6, h� 0:1, and t� 0:01 in Fig. 21.

IV. Conclusions

Thin-walled structures are widely used in engineering, and the
understanding of the behavior under torsion is very important.
Existence of defects and cracks in such beams is inevitable and may
cause unexpected failure. The current paper deals with the analysis of
closed and open thin-walled beams under torsion, in the presence of a
longitudinal crack. In this study, analytical solutions for twist angles,
stresses, and strains have been derived using the principle of virtual
work. The analysis takes into account nonclassical effects such as
primary and secondary torsional warping. A closed-form expression
of the mode II stress-intensity factor for the rectangular thin-walled
beams with a longitudinal crack is found for the first time; the

Fig. 17 Finite element mesh around the cracked domain.
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Fig. 18 Comparison of the results for mode II stress-intensity factor for the beam using the detailed FE modeling and the analytical solution (b� 0:4,
h� 0:2, and t� 0:01).
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Fig. 19 Comparison of the results for mode II stress-intensity factor for the beam using the detailed FEmodeling and the analytical solution (b� 0:35,
h� 0:35, and t� 0:015).
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Fig. 20 Comparison of the results for mode II stress-intensity factor for the beam using the detailed FE modeling and the analytical solution (b� 0:2,
h� 0:6, and t� 0:02).
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Fig. 21 Comparison of the results for mode II stress-intensity factor for the beam using the detailed FE modeling and the analytical solution (b� 0:6,
h� 0:1, and t� 0:01).
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expression is very easy and convenient for use in practical problems.
The analytical solutions are verified with those obtained from shell
finite element models using ABAQUS. The results in the current
paper are the first step to compute critical loadings for thin-walled
beams in the presence of cracks and to better understand the local and
global behavior of the cracked thin-walled beams under torsion.

Appendix: Procedure to Determine Warping Functions

To determine the warping function, we follow the procedure
described by Murray [28]. A brief description of this procedure
follows.

Step 1. Locate the origin of the coordinate system �yo�z, the pole P,
and the starting point C at convenient points (see Fig. 4). We find all

the section properties F, � , and F � p using this coordinate system as

follows:
Area of cross section,

F�
Z
A

dA

First moment of area about the �y axis,

F�z �
Z
A

�z�s� dA

First moment of area about the �z axis,

F �y �
Z
A

�y�s� dA

First moment area about pole P,

F � �
Z
A

� p�s� dA

Second moment of area of the cross section about the �y axis,

F�z �z �
Z
A

�z2�s� dA

Second moment of area of the cross section about the �z axis,

F �y �y �
Z
A

�y2�s� dA

Product moment of area of the cross section about the �x; �y; �z
coordinate system,

F�z �y �
Z
A

�z�s� �y�s� dA

Sectorial product of area,

F � �z �
Z
A

� P�s��z�s� dA

Sectorial product of area,

F � �y �
Z
A

� P�s� �y�s� dA

Warping constant with pole P,

F � � �
Z
A

� 2
p�s� dA

Step 2. Calculate the position of the centroid S as

�z s �
Z
A

�z dA

F
�ys �

Z
A

�y dA

F

By a parallel shift of axes, move the origin to S, calling the ~x, ~y, and ~z.
This transformation does not affect the warping function, since the
warping function is determined using the sectorial area that remains

unchanged for a given pole P and the starting point C. The new
reference coordinate system is now ~ys~z.

Step 3. To obtain ~ P, subtract the value � o from � P�s�, where

� o �
F � 

F

This step is to ensure thatZ
A

~ p�s� dA� 0

Calculate the section properties F in the coordinate system ~ys~z as

F~z ~ � F�z � �
F�zF � 

F

F ~y � � F �y � �
F �yF � 

F

F~z ~z � F�z �z �
F2

�z

F

F ~y ~y � F �y �y �
F2

�y

F

F ~ ~ � F � � �
F2

� 

F

Step 4. The axes ~z and ~y should be rotated into the direction of the
principal axes x and y, the angle of rotation  being given by

tan 2 �
2F~z ~y

�F ~y ~y � F~z ~z

and the coordinates of the shear center P� are computed as

~z P� � ~zP �
F ~ P ~y

F~z ~z � F ~ P ~z
F~z ~y

F~z ~zF ~y ~y � F2
~z ~y

~yP� � ~yP �
F ~!P ~y

F~z ~y � F ~ P ~z
F ~y ~y

F~z ~zF ~y ~y � F2
~z ~y

Step 5. Move the pole from P to P� and transform ~ P�s� to the value
 P� �s� so that Z

A

 p� �s� dA� 0

Thus, the warping function is finally achieved as follows:

 P� �s� � ~ P�s� � � ~yP� � ~yP�~z� �~zP� � ~zP� ~y
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